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In this paper we investigate regularly generated. regular, semiregular, and faithful 
ideals in a commutative ring R and the sublattices they determine. Connections 
with multiplicative lattice theory are given. Given a Priifer ring R we show that 
there is a Priifer domain D with the sublattice of regular ideals of R isomorphic to 
the lattice of ideals of D. Numerous examples of rings with zero divisors having cer- 
tain properties are given. A Priifer ring with an invertible ideal that is not generated 
by regular elements is constructed. An example is given to show that the intersec- 
tion of two regular principal ideals need not be generated by regular elements. 
(I3 1987 Academic Press. lnc 
1. INTRODUCTION 
Throughout this paper, R will be a commutative ring with identity. We 
are interested in how parts of the multiplicative theory of ideals for integral 
domains extend to rings with zero divisors; in particular, to what extent the 
regular ideals of a ring R behave like the ideals of an integral domain. 
Section 2 contains the necessary definitions and some preliminary 
remarks. Regularly generated, regular, semiregular, and faithful ideals are 
defined along with several “regularity” conditions for rings. A brief outline 
of the method of idealization is given. To make this paper self-contained 
(for ring theorists), we also give some definitions and results from mul- 
tiplicative lattice theory. While this paper is mainly concerned with ideals 
* Part of this research was conducted when the first author was on a Developmental 
Assignment from The University of Iowa during the Spring Semester 1985. The first author 
wishes to acknowledge the support services provided at University House, The University of 
Iowa. 
+ This research is part of the second author’s dissertation done at The University of Iowa. 
404 
0021-8693187 $3.00 
Copyright 0 1987 by Academic Press, Inc. 
Ail rights of reproduction in any form reserved. 
SUBLATTICESOF REGULAR IDEALS 405 
in commutative rings, definitions and techniques from multiplicative lattice 
theory naturally arise. 
In Section 3 we consider the sublattices of regular, semiregular, and 
faithful ideals of a commutative ring. We show that if R is a Marot ring or 
a Priifer ring, then the lattice of regular ideals of R is an r-lattice. It is well 
known that many results for Priifer domains can be extended to Priifer 
rings. One of the main results of this paper (Theorem 3.7) shows why: 
given a Priifer ring R, there is a Prtifer domain D with the sublattice of 
regular ideals of R isomorphic to the lattice of ideals of D. We also give 
examples (Examples 3.5 and 3.6) of Priifer rings with invertible ideals not 
generated by regular elements. 
In Section 4 we consider the lattice of ideals generated by regular 
elements. Of particular interest is an example (Example 4.2) of a ring in 
which the intersection of two regular principal ideals is not generated by 
regular elements. In particular, the subposet of regularly generated ideals of 
a ring R need not be a sublattice of the lattice of ideals of R. Using the 
method of idealization we give some examples to show that certain proper- 
ties characterizing Priifer rings in terms of regular ideals do not generalize 
to ideals generated by regular elements. For example, the lattice of ideals 
generated by regular elements may be distributive, yet ideals generated by 
finite sets of regular elements need not be invertible. 
2. DEFINITIONS AND PRELIMINARY REMARKS 
Let R be a commutative ring with identity having total quotient ring 
T(R). For an R-module A, Z(A) will denote the set of zero divisors of A, 
i.e., Z(A ) = {r E R 1 ra = 0 for some 0 # a E A }. An element of R - Z(R) is 
said to be regular and an ideal is regular if it contains a regular element. An 
ideal is regularly generated if it can be generated by a set of regular 
elements. An ideal I is faithfur if 0: I = 0 (for ideals A and B of R, A : B = 
{x E R 1 xB G A }) and an ideal is semiregular if it contains a finitely 
generated faithful ideal. 
It is easily seen that for an ideal 1, I regularly generated *I is regular =I 
is semiregular *I is faithful. Now for R Noetherian (since in a Noetherian 
ring an ideal consisting of zero divisors has nonzero annihilator) these four 
conditions for an ideal I are equivalent. However, in general none of these 
three implications can be reversed. 
For example, if R is the subring of n;=, Z/22 consisting of all sequen- 
ces that are eventually constant and Z is the ideal of R consisting of all 
sequences that are eventually 0, then Z is faithful but not semiregular. Also 
see Example 3.15. Example 2.1 gives an example of a semiregular ideal that 
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is not regular and Examples 3.5 and 3.6 give examples of regular ideals that 
are not generated by regular elements. 
A ring R is said to satisfy Property (P) or to be a Marot ring if every 
regular ideal is generated by regular elements. Marot rings were introduced 
by Marot [20] and have been investigated by Hinkle and Huckaba [16], 
Matsuda [21], and Portelli and Spangher [24]. A ring R is said to satisfy 
Property (A) if every finitely generated faithful ideal is regular or 
equivalently if every semiregular ideal is regular. R is said to have few zero 
dioisors if Z(R) is a finite union of prime ideals. 
Noetherian rings or more generally rings with few zero divisors are 
Marot rings. Indeed, Davis [ 10, Lemma B] has shown that if R is a ring 
with few zero divisors and x E R is regular, then for any r E R there exists a 
u E R with r + ux regular. Hence in this case any regular ideal is generated 
by regular elements. Noetherian rings or more generally rings in which 0 
has a primary decomposition satisfy Property (A). (Let 0 = Q, n ... n Qn 
be a reduced primary decomposition for 0 where Qi is Pi-primary. Let I be 
a finitely generated faithful ideal of R. If Is Z(R) = P, u . . . u P,, then I is 
contained in some P,, so I’ 5 Q, for some positive integer z since Z is finitely 
generated. But then Z’Q, . . Q, . . Qn = 0, contradicting the fact that Z is 
faithful. Hence Z & Z(R), so Z is regular.) Also, since any finitely generated 
ideal contained in a height zero prime ideal has nonzero annihilator, any 
zero-dimensional ring has Property (A). However, Example 2.1 shows that 
a (Marot) ring with few zero divisors need not satisfy Property (A). 
A ring R is called a Priifer ring if every finitely generated regular ideal is 
invertible. Hence any total quotient ring is a Priifer ring. Many of the 
characterizations of Priifer domains when properly stated for rings with 
zero divisors yield characterizations of Priifer rings. For example, see 
Anderson and Pascual [8], Griffin [ 143, and Larsen and McCarthy [ 17, 
Chap. lo]. R is said to be strongly Prii,fer or a strong Prtifer ring if every 
finitely generated faithful ideal is locally principal. Strong Priifer rings were 
introduced in Anderson et al. [S]. A ring R is arithmetical if its lattice of 
ideals is distributive. Other characterizations of arithmetical rings may be 
found in Larsen and McCarthy [ 17, Exercise 18, p. 1501. An arithmetical 
ring is strongly Prtifer but not necessarily conversely. A strongly Priifer 
ring is Prtifer but not necessarily conversely. 
In general, our terminology and notation from ring theory will follow 
that of Gilmer [12] and Larsen and McCarthy [ 173. Chapter 10 of Larsen 
and McCarthy gives a particularly good treatment of Priifer rings. 
Many of our examples will use the following construction. Let R be a 
commutative ring and A an R-module. Then R, = R 0 A is a commutative 
ring with identity under the addition given by (rl, a,)+ (r,, a,)= 
(rl + r2, a, +a,) and the multiplication (r,,a,)(r,,a,)=(r,r,, r,a,+r,a,). 
The element (1, 0) is the identity for multiplication and R may be embed- 
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ded into R, by r -+ (r, 0), so we will sometimes just write r for (r, 0). 00 A 
is an ideal of R, with (O@A)‘=O and R,/(O@A) is naturally isomorphic 
to R. This construction, called the method qf idealization, was introduced 
by Nagata [23]. It is useful for reducing questions about modules to 
questions about ideals and for producing examples of rings with zero 
divisors having pathological properties. 
It is easily seen that Z(R@A)= ((r,a) 1 rEZ(R)uZ(A)} (Hinkle and 
Huckaba [ 16, Proposition 4.33). Quite often we will have 
A = @ {R/P I PE Y}, where R is an integral domain and Y is a set 
of prime ideals of R. Then Z(A)=U,,,,P, so Z(R@A)= 
{(r, a) 1 rE UPE.‘/ P}. In this case (r, a)E R, is regular if and only if 
r 4 Upe .‘/ P. Suppose further that each P E Max(R)-the set of maximal 
ideals of R. Let (r, a) be a regular element of R,. Since r $ lJ PE ,y P and 
each summand R/P of A is simple, rA = A. Hence there is a b E A with 
rh = a. Then (r, a) = (r, 0)( 1, b) and (1, h) is a unit since b is nilpotent. 
Then (r, a)R, = (r, O)R,, so each principal regular ideal of R, has the form 
(r, O)R, = rR,, where r E R - U Pe .‘/ P. Also rR, = rR 0 A. 
The method of idealization has been used by several authors to give 
examples of rings with zero divisors: Gilmer [13], Hinkle and Huckaba 
[16], and Lucas [18, 191. Our first example, showing that a semiregular 
ideal need not be regular, is a typical application. 
EXAMPLE 2.1 (A total quotient ring with few zero divisors that does not 
have Property (A)). Let R = K[ [X, Y]] be the power series ring in two 
variables over a field K. Let A = @ {R/P 1 P is a height one prime ideal of 
R}. Then Z(A)= (X, Y) since K[[X, Y]] is factorial. Let R,= R@ A. 
Then R, is a quasilocal total quotient ring with maximal ideal 
(X, Y)@ A = Z(R,). The ideal (X, Y) @ A is semiregular but not regular. 
(Compare with Example 4.4 of Hinkle and Huckaba [ 161.) 
While this paper is primarily concerned with the ideals of a commutative 
ring, the proper perspective is to consider the situation from the viewpoint 
of multiplicative lattices. To make the paper self-contained for ring 
theorists, we include the necessary terminology and a brief introduction to 
multiplicative lattice theory. 
For a commutative ring R, the set of ideals of R, denoted by Y(R), 
forms a complete modular lattice where as usual V, A, = 1, A, and 
A, A,= fi, A,. Now .9’(R) is also a multiplicative lattice in the following 
sense. A complete lattice ?Z is called a multiplicative lattice if 2 has a mul- 
tiplication that is commutative, associative, distributes over arbitrary joins 
(i.e., A(V, B,) = V, AB,), and has greatest element I as a multiplicative 
identity. Any multiplicative lattice 5? has a residuation given by A: B= 
V(XE 2 I BX< A}. 
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Much of commutative ideal theory can be carried over to modular mul- 
tiplicative lattices which have a suitable analog of principal ideals. In [ 111, 
Dilworth introduced the proper abstraction of a principal ideal. Let 2 be a 
multiplicative lattice. An element M of 9 is meet principal if AM A B= 
(A A (B : M))M for all A, BE .Y. Dually, M is join principal if 
(A : M) v B = (A v BM) : M for all A, BE 9. Finally, M is principal if M 
is both meet and join principal. The least element 0 of 2 and greatest 
element I of 2 are always principal. It is easily seen that a principal ideal 
of R is a principal element of P’(R). McCarthy [22] has shown that the 
converse is almost true: an ideal M of R is a principal element of Y(R) if 
and only if M is finitely generated and locally principal. A multiplicative 
lattice is principally generated if each element is a join of principal elements. 
Two weaker principal conditions are also useful. ME JZ is weak meet 
principal if M A B = (B : M)M for all BE ?Z and M is weak,join principal if 
(BM : M) = B v (0 : M) for all BE 2. Setting A = I (A = 0) in the 
definition of a meet (join) principal element, we see that a meet (join) prin- 
cipal element is weak meet (join) principal. If 2 is modular, Bogart [9] 
has shown that ME dp is principal if and only if M is both weak meet and 
weak join principal. 
The property of being weak meet principal or weak join principal can be 
recast into a form that has often appeared in multiplicative ideal theory. 
ME .Y is weak meet principal if and only if for A d M, there exists a BE 0% 
with A = BM. Thus an ideal M of R is weak meet principal in Z(R) if and 
only if M is a multiplication ideal. Actually, a multiplication ideal is even 
meet principal in Y(R) (Anderson [3]). An element ME S? is weak join 
principal if and only if for A, BE 2 with AM < BM, then A d B v (0 : M). 
For a faithful ideal M of R, M is weak join principal in Y(R) if and only if 
M is a cancellation ideal. For a survey of multiplication ideals and 
cancellation ideals, the reader is referred to Anderson [3] and Anderson 
and Anderson [4], respectively. 
In his pioneering paper [ 111, Dilworth defined a Noether lattice to be a 
modular principally generated multiplicative lattice satisfying the ascending 
chain condition. Among other things, Dilworth showed that a Noether lat- 
tice satisfies the usual results concerning primary decompositions, the Krull 
Intersection Theorem, and the Principal Ideal Theorem. If R is a 
Noetherian ring, then Y(R) is a Noether lattice. 
While a Noether lattice is an abstraction of the lattice of ideals of a 
Noetherian ring, an r-lattice is an abstraction of the lattice of ideals of a 
commutative ring with identity. An r-lattice is a principally generated 
modular multiplicative lattice which is compactly generated and has 
greatest element I compact. (Recall that an element A of a lattice 3 is 
compact if A d V, A, implies A <A,, v ... v A,” for some finite subset 
{A 2, 3 .*-, A,“} E {A,} and 9 is compactly generated if each element of 3 is 
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a join of compact elements.) The notion of an r-lattice was introduced in 
Anderson [2] and many results concerning r-lattices may found there. If R 
is a commutative ring with identity, then P(R) is an r-lattice. 
3. SUBLATTICES OF REGULAR IDEALS AND PROOFER RINGS 
Let R be a commutative ring with identity having lattice of ideals Y(R). 
We consider the following four subposets of S?(R): 
9&(R) = { 0} u {J E P(R) 1 J is regularly generated ) 
L&(R) = (0) u (JE P’(R) ) Jis regular} 
Y&(R)= (0) u {JET(R) 1 Jissemiregular} 
Tf(R)= (0) u (JE L?(R) 1 Jis faithful}. 
Now .&JR) E -Y?~:( R) E YS’,,( R) G 6pr( R) G Y(R). If {A a ) is any nonempty 
collection of regularly generated, regular, semiregular, or faithful ideals, so 
is CCL‘&, so each of the above four subposets is closed under arbitrary 
joins. (In fact, if A c C are ideals where A is regular, semiregular, or 
faithful, then so is C.) If A and B are regularly generated, regular, 
semiregular, or faithful ideals, then so is AB. Since AB G A n B, A n B is 
also respectively regular, semiregular, or faithful if A and B are. Thus 
Yr(R), Y&(R), and L&(R) are all sublattices of S!(R) and hence are 
modular. However, the situation for Y&(R) is much different. If A and B 
are regularly generated, then A n B need not be regularly generated (Exam- 
ple 4.2). Thus the subposet 2&(R) need not be a sublattice of Y(R). The 
subposet Y&(R) will be considered in the next section. 
However, while Yr(R), Y&(R), and L&(R) are all sublattices of Z(R), 
they need not be complete sublattices of 2?(R) since an arbitrary intersec- 
tion of regular ideals need not even be faithful. For example, let R be the 
Noetherian ring Z[X]/(2X) and let J= (X, 3). Then J is a regular ideal of 
R, but fip= 1 J” = (R) # 0 is not even faithful. 
However, since Yr(R), L&(R), and YAR) are all closed under arbitrary 
joins and have a least element (namely 0), they are complete lattices where 
as usual the meet is defined as A. A, = V{ BE 2 1 B d A, for each a}. In 
particular, for L$(R) we have 
I n4 if n A, is regular AA,= a 51 tl 0 otherwise. 
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Similar statements hold for 2&(R) and Zt(R). Thus dcr(R), P&(R), and 
2r(R) are all modular multiplicative sublattices of Z(R) that have no “zero 
divisors,” i.e., AB = 0 implies A = 0 or B = 0. Under a similar meet, .2&(R) 
is also a complete lattice. This will be discussed in the next section. 
Note that the residuation in YE(R), 2&(R), and 5$(R) is the same as that 
in Y(R). By definition, the residuation given in Yr(R) is A f B= 
V{XEY~(R) 1 XBGA}. Let A: B be the usual residual in R, A : B= 
{rERIrB~A}.NowforA#O,AcA:B,soA:BEY~(R).(ForA=Oor 
B= 0 the two residuals are trivially equal.) Since (A : B)B c A, 
A:B~A::B.ButclearlyA::B~A:B,soA::B=A:Bandhencewewill 
use the same notation for both. A similar result holds for L&(R) and T[(R), 
but not for T&(R). 
We first determine the compact and principal elements of 5$(R) and 
determine when 5$(R) is an r-lattice. For T(R) it is well known that the 
compact elements are the finitely generated ideals and that the principal 
elements are the finitely generated locally principal ideals. 
THEOREM 3.1. (a) An element A E L$(R) is compact if and only if A is 
finitely generated. Hence Tr(R) is a compactly generated modular mul- 
tiplicative lattice with greatest element compact. 
(b) A nonzero element A E 5$(R) is principal if and only if A is an 
invertible ideal of R. 
Proof (a) Clearly a finitely generated regular ideal is compact. Conver- 
sely, suppose that A is compact. If A = 0, the result is trivial. If A # 0, then 
let r E A be regular. Then for a E A, (r, a) is a regular ideal and 
A=CuEa(r,a). By compactness, A=(r,a,)+ ... +(r,a,)=(r,a, ,..., a,) 
for some a,, . . . . a,E A and hence A is finitely generated. The second 
statement is now immediate since for any regular ideal A, A = C,, A(r, a), 
where r E A is regular. 
(b) Suppose that 0 # A E Zr( R) is a principal element. Then there is a 
regular element r E A. But (r) c A and A is weak meet principal so (r) = BA 
for some (regular) ideal B. But then A is a factor of a regular principal 
ideal and is hence invertible. Conversely, suppose that A is an invertible 
ideal of R. Then A is regular so A E gr:( R). If BE A is a regular ideal, then 
B = A(B : A) and B : A 1 B is regular, so A is weak meet principal. If 
BA E CA, where B and C are (regular) ideals, then multiplying by A ~ ’ 
shows that B c C, so A is also weak join principal. Since Tr:( R) is modular, 
A is a principal element of diP,(R). 
THEOREM 3.2. For a commutative ring R, the following statements are 
equivalent. 
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(1) 5$(R) is an r-lattice. 
(2) L$( R) is principally generated. 
(3) Every (finitely generated) regular ideal of R is a sum of invertible 
ideals. 
Proof. (l)* (2) is true for any r-lattice. (2) * (3) follows from 
Theorem 3.1. (3) =z. (1): If every finitely generated regular ideal is a sum of 
invertible ideals, then every regular ideal being a sum of finitely generated 
regular ideals is a join of principal elements of yr:( R) so Zr( R) is principally 
generated. Since dcr(R) is always a compactly generated modular mul- 
tiplicative lattice with greatest element compact, 5$(R) is an r-lattice. 
COROLLARY 3.3. IfR is a Marot ring or R is a Priifer ring, then yr(R) is 
an r-lattice. 
Proof: If R is a Marot ring, then every regular ideal is regularly 
generated and hence is a join of regular principal ideals. If R is a Priifer 
ring, then every finitely generated regular ideal is invertible. 
However, in general L$(R) need not be an r-lattice as the next example 
shows. 
EXAMPLE 3.4 (A ring R for which Tr(R) is not an r-lattice). Let 
K[ [X, Y]] be the ring of power series in two variables over a field K. Let 
A = 0 {KCCX Ylllf’ I P is a height one prime ideal of K[ [I’, Y] ] 
different from (X) }. Let R be the idealization K[ [X, Y] ] @ A. The 
regular elements of R have the form (&V, a), where n > 0, A is a unit of 
K[[X, Y]], and UE A. Hence the ideal (X, Y) @A is regular, but is not a 
sum of regular principal ideals. Since R is quasilocal, every invertible ideal 
of R must be principal, so (X, Y) @ A is not a sum of invertible ideals. 
Hence yr(R) is not an r-lattice. 
If R is a Marot ring, then Tr(R) is an r-lattice domain (i.e., an r-lattice 
without proper zero divisors). Thus any result true for r-lattice domains is 
true for the regular ideals of a Marot ring. For example, Theorem 3.4 of 
Anderson [2] shows that for a Marot ring R, R is Priifer if and only if 
yr(R) is distributive. Also for a Marot ring R, every regular ideal is a 
product of prime ideals if and only if every regular ideal is invertible (apply 
Theorem 4.9 of Anderson [2]). However, we will not pursue this theme 
here. A quite extensive array of results for integral domains is generalized 
to Marot rings (often also satisfying Property (A)) by Matsuda [21]. 
Suppose that 5$(R) is an r-lattice. If every invertible ideal of R is prin- 
cipal (e.g., if R is semiquasilocal), then by Theorem 3.2, R is a Marot ring. 
A natural question is whether 5$(R) can be an r-lattice without R being a 
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Marot ring or equivalently whether an invertible ideal must be generated 
by regular elements. We give a strong counterexample by showing that a 
Priifer ring need not be a Marot ring. 
Let T be a ring and (G, d ) a totally ordered abelian group. A 
(Munis) oaluation is a subjection v : T + G u {co } that satisfies (1) 
u(d) = u(a) + u(b) and (2) o(a + b) > min{v(u), u(b)}. The set 
T,={x~TJu(x)>0} is a subring of T and P,=(x~Tlu(x)>O} is a 
prime ideal of T,,. If T is the total quotient ring of T,, then (T,, P,) is 
called a valuation ring. A ring R with prime ideal P is called a valuation 
ring, denoted by (R, P), if there is a valuation v on T(R) with R = T(R), 
and P = P,. A Priifer valuation ring is a Priifer ring that is also a valuation 
ring. A Priifer ring R is a Priifer valuation ring if and only if R has a 
unique regular maximal ideal M and in this case we have P, = M. Priifer 
rings may also be defined in terms of valuation rings. For the proof of 
these statements and the general theory of valuation rings the reader is 
referred to Larsen and McCarthy [ 17, Chap. lo]. 
For a Priifer valuation ring R the following statements are equivalent: 
(1) R is a Marot ring, (2) every invertible ideal of R is generated by regular 
elements, and (3) every invertible ideal is principal. It is immediate that 
(1) o (2) and (3) 3 (2). But if R is a Marot ring, then each invertible ideal 
is generated by regular elements. Since R is a valuation ring, the regular 
principal ideals are totally ordered. Hence each invertible ideal is principal. 
Example 3.5 gives a rather concrete example of a Priifer valuation ring that 
is not a Marot ring. Example 3.6 shows that examples of Priifer valuation 
rings that aren’t Marot rings abound. Both examples answer in the 
negative a question raised by Griffin [ 151: Is an invertible ideal in a Priifer 
valuation ring principal? 
EXAMPLE 3.5 (A Pri.ifer valuation ring that is not a Marot ring). Let Q 
be the rational numbers and let v be the rank one discrete valuation on 
Q(X) given by u(f(X)/g(X)) = degree( g(X)) - degree(f(X)), so u has 
valuation ring QIX-‘](Xml). Let p(X) be an irreducible polynomial of 
degree n > 1 (such polynomials exist for each n by Eisenstein’s criteria, for 
example). Restricting u to Q[X][ l/p(X)] gives a rank one discrete 
valuation u: Q[X][ l/p(X)] -+ Zu {cc }. (Note that u is surjective.) 
The valuation ring for v is Q[X][l/p(X)] n Q[X-‘],,-I,. Let 
A = 0 {QCJWM I M# M-V) is a maximal ideal of Q[X] } and let 
R0 = Q[X] 0 A be the idealization of Q[X] and A. The regular elements of 
R0 have the form @(x)~, where m 2 0 and i is a unit of R,. The total 
quotient ring of R0 is Q[X] [ l/p(X)] @A. Then v’: Q[X] [ l/p(X)] @A + 
2 u {co } given by ~‘(a, b) = u(u) is a rank one discrete valuation with 
valuation ring R= (Q[X][l/p(X)] n Q[X-l],,-l,)QA. However, the 
image of the regular elements of T(R,) under u’ is nZ. Thus P, = 
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{t E R 1 u’(t) Z 1 } is a regular prime ideal since it contains l/p(X), but it is 
not generated by regular elements. For the set of regular elements of P, 
generates the ideal (l/p(X)), but clearly u’(J? ‘/p(X)) = 1 so 
X’- ‘/p(X) E P,, but x” ~ ‘/p(X) +! (l/p(X)). Hence R is not a Marot ring. 
However, it is easily seen that D=Q[X][l/p(X)] nQ[X-‘],,-I, is a 
Dedekind domain with quotient field Q(X). Let P = D n (X-‘)(,-I,. Then 
P, = P @ A, so P, is invertible and R is a rank one discrete Priifer valuation 
ring. 
Example 3.6 is a slight generalization of the Example announced in 
Anderson and Markanda [7, p. 4231. We give the promised details here. 
As the Corrigendum shows, one must be very careful when dealing with 
rings with zero divisors. 
EXAMPLE 3.6. Let D be a Dedekind domain with maximal ideal M that 
is not principal, but some power of M is principal, say m > 1 is the least 
positive integer with M” = (t) principal. Let A = @ {D/Q 1 Q # M is a 
maximal ideal of D}. Let R = D @A be the idealization of D and A. Since 
-W)=U{Q I QEMax(Dh QZM}, f or XE D, x a nonunit, xR is regular if 
and only if XD is M-primary. Further, since XD is principal, we must have 
XD = M”” for some positive integer n, so XD = t”D. Since A is a sum of 
simple modules, { t”R},“=, is the set of regular principal ideals of R. In fact, 
since this set is totally ordered, (t”R}~=, is the set of all regularly 
generated ideals of R. Let P = MO A. Then P is the unique regular prime 
ideal of R and P” = tR, so P is invertible, but P is not principal. Since 
{P”},“,, is the set of regular ideals of R, R is a Priifer ring with unique 
regular maximal ideal P. Hence (R, P) is a Priifer valuation ring. However, 
since tR 7 P, P is not generated by regular elements. It is interesting to 
note that P being invertible is also divisorial ((P-I)-’ = P), but P is not 
the intersection of the regular principal fractional ideals of R containing P, 
in fact this intersection is R itself. 
It is well known that the set of regular ideals of a Prtifer ring satisfies 
many of the same proerties as the set of ideals of a Priifer domain. For 
example, R is a Priifer ring if and only if A(B n C) = AB n AC, 
A n (B + C) = (A n B) + (A n C), or (A + B)(A n B) = AB for all regular 
ideals A, B, and C. (These conditions are usually not stated for just regular 
ideals; see Griffin [14] or Larsen and McCarthy [17, Theorem lO.lS]. 
Compare with Anderson and Pascual [8, Theorem 41. Also see 
Theorem 3.13 and the remarks preceding it.) Also, for example, if Q is a 
regular primary ideal in a Priifer ring R, then nF=, Qn is a prime ideal 
(Larsen and McCarthy [17, Theorem 10.221). The reason for these 
similarities with Priifer domains becomes apparent from our next theorem. 
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A natural question to ask is when are the regular ideals of a ring R like 
the ideals of an integral domain. More precisely, given a ring R, when does 
there exist an integral domain D so that there is a multiplicative lattice 
isomorphism 6p,(R) + Y(R)? (A lattice isomorphism between mul- 
tiplicative lattices is called a multiplicative lattice isomorphism if it preserves 
multiplication.) A necessary condition is that 5$R) be an r-lattice. We 
show that there is always such an isomorphism for a Priifer ring. Notice 
that if L$(R) is distributive, then Tr(R) is necessarily an r-lattice. 
THEOREM 3.1. For a ring R, the following statements are equivalent. 
(1) R is a Prtifer ring. 
(2) Yr(R) is distributive. 
(3) There is a Prtifer domain D with Zr(R) and Y(D) isomorphic as 
multiplicative lattices. 
Hence if Yr(R) is distributive, Tr(R) is an r-lattice. 
Proof: (1) = (2): If R is a Priifer ring, then it is well known (Larsen 
and McCarthy [ 17, Theorem 10.181) that A n (B + C) = (A n B) + (A n C) 
for ideals A, B, and C of R with at least one of them regular. In particular, 
5$(R) is distributive. (2) * (1): By Anderson and Pascual [8, Theorem 21, 
5$(R) distributive implies that R is a Priifer ring. (3) * (2): If D is a Priifer 
domain, then L?(D) is distributive. Thus if Yr(R) and 9(D) are lattice 
isomorphic, Zr(R) is also distributive. (We do not need the isomorphism to 
preserve products.) (1) * (3): Suppose that R is a Priifer ring. Then Yr(R) 
is an r-lattice domain in which every compact elemnt is principal. By 
Anderson [2, Theorem 3.41, there is a Priifer domain D (in fact, D is a 
BC?zout domain) so that 5$(R) and L&‘(D) are isomorphic as multiplicative 
lattices. 
Note that an element 0 # PE Yr(R) is prime (AB < P implies A < P or 
B 6 P for A, BE 6p,(R)) if and only if P is a prime ideal of R. For if ab E P 
(a, b E R), then (a, P)(b, P) E P and (a, P) and (b, P) are regular ideals of R 
so (a, P) G P or (b, P) c P, i.e., a E P or b E P. A similar statement can be 
made for primary elements. If R # T(R), then the maximal elements of 
Zr(R) are just the regular maximal ideals of R. 
As an immediate corollary to Theorem 3.7 we have the following result. 
THEOREM 3.8. For a ring R the following statements are equivalent. 
(1) R is a Priifer valuation ring. 
(2) dtp,(R) is totally ordered. 
(3) There is a valuation domain V so that 9(V) and Yr(R) are 
isomorphic as multiplicative lattices. 
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We next focus our attention on the sublattice TsJR). A result analogous 
to Theorem 3.1 characterizes the compact and principal elements of .&(R). 
However, here there is a minor technicality. An ideal J is a cancellation 
ideal if whenever AJ= BJ for ideals A and B, then A = B. Clearly a can- 
cellation ideal is faithful. If J is finitely generated, then J is a cancellation 
ideal if AJ= BJ for finitely generated ideals A and B implies A = B. For a 
finitely generated ideal J, J is a cancellation ideal if and only if J is faithful 
and J is locally principal (necessarily generated by a regular element). 
What we need to show is that a finitely generated faithful ideal J satisfying 
the property that AJ= BJ for finitely generated faithful ideals A and B 
implies that A = B is locally principal and hence a cancellation ideal. For 
results on cancellation ideals, the reader is referred to Anderson and 
Anderson [4]. 
THEOREM 3.9. Let J be a finitely generated faithful ideal of a ring R. 
Suppose that AJ= BJ for finitely generated faithful ideals A and B of R 
implies that A = B. Then J is locally principal and hence a cancellation ideal. 
Proof: The proof that a finitely generated cancellation ideal is locally 
principal proceeds as follows. First, a finitely generated ideal is a can- 
cellation ideal if and only if it is locally a cancellation ideal (Gilmer [ 12, 
Exercise 6, p. 663). Second, a finitely generated ideal in a quasilocal ring is 
a cancellation ideal if and only if it is a regular principal ideal (Gilmer [ 12, 
Exercise 7, p. 671). Let J be as in the statement of the theorem and let 
Mz J be a maximal ideal. We need that J, is principal. Since J is finitely 
generated, 0, . J,,, =O,. What is not immediate is that J,,, is still a can- 
cellation ideal with respect to finitely generated faithful ideals of R,. We 
bypass this by a careful reworking of the previously mentioned exercises. 
Suppose that A and B are finitely generated ideals of R, with 
AJ, E BJ,. Then for t>l, AsB+Jf,. For let A=A’, and B=B’,, 
where A’ and B’ are finitely generated ideals of R. Then (A’J), E (B’J), so 
there is an x E R - M with xA’JG B’J. Then xA’ + J’ and B’ + J’ are finitely 
generated faithful ideals of R with (xA’+ J’)Js (B’+ J’)J, so 
xA’cxA’+J’sB’+J’. Hence A=(xA’),s(B’+J’),=B+Jh. 
Next suppose that J, = K, + . . . + K,,, where K,, . . . . K, are finitely 
generated ideals of R,. Then for k > 1, J”, = K’; + .. . + Ki. It is easily seen 
that J”hk-l)+l = (Kt+ ... + Kz) Jg-‘)ck--l). Applying the result of the 
previous paragraph to Jg-l)(k-‘) (note that J(n-‘)(k-‘) satisfies the 
hypothesis of the theorem), we get that J”, E Kf + . . . + Kf: + J$!- l)ck- l) 
for t > 1. For t large enough, an application of Nakayama’s Lemma yields 
that JL=Kt+ ... +K:. 
Suppose that J, is not principal, so J, has a minimal basis of length 
n 2 2, say of j,, . . . . j,, where j,, . . . . j, E J. (For notational simplicity, we 
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identify ji/l in R, with j,.) Put K, = (j,, . . . . j,- *), so J,,,, = K, + (j, ,) + 
(j,).Then53,=K:+(j,-,)3+(jn)3.HenceJ3,=J~(K:,j~~,+jf,,j,~,j,). 
So Jz,~(K:,j~~,+j~,j,_,j,)+J~. By Nakayama’s Lemma, JL= 
(K:,jz-,+j:,j,-,j,). But then j~_,=k+~(j;:_,+j;:)+Bjn~,jn, where 
kEG and &PER,. If IEM~, then 1-A is a unit in R, and 
(1-1)j~~,=k+~j~+/3j,-,j,, so j~_,EK:+(j,)2+(jn~Ijn). But then 
JL = J,(K,, j,), so again J, c K, + (j,) + JL, so J, = K, + (j,,) by 
Nakayama’s Lemma. If A$ M,,,,, a similar calculation yields that 
J, = K, + (j, ~ i). Hence in either case, J, has a basis of n - 1 elements. 
This contradiction shows that J, must be principal. 
THEOREM 3.10. Let R be a commutative ring with identity. 
(a) An element of Y&(R) is compact if and only tf it is finitely 
generated. Hence 2$(,,(R) is a compactly generated modular multiplicative 
lattice with greatest element compact. 
(b) The nonzero principal elements of Y&(R) are the finitely generated 
cancellation ideals of R or equivalently the finitely generated faithful locally 
principal ideals of R. 
Proof (a) Let A E &(R). If A is finitely generated, then certainly A is 
compact. Conversely, suppose that A # 0 is compact. Then there is a 
finitely generated faithful ideal A, c A. Since A = C,, A(AO, a) is compact 
and each (A,, a) is semiregular, A=(A,, a,)+ ... + (A,, a,) for some 
a,, . . . . a, E A. Hence A is finitely generated. Since every semiregular ideal is 
a sum of finitely generated semiregular ideals, the second statement is 
immediate. 
(b) Let J be a finitely generated cancellation ideal. Since 0 : J = 0, 
JE &(R). Clearly J is weak join principal. Let B c J with BE Tsr( R). Since 
J is finitely generated and locally principal, B= J(B : J). If B = 0, 
(B:J)=(O:J)=OE~~(R). If BfO, Bc(B:J) so (B:J)E~&(R). Hence 
J is also weak meet principal. Since 5!&(R) is modular, J is a principal 
element of Y&(R). 
Conversely, suppose that 0 # J is a principal element of Ysr(R). Since J is 
semiregular, there is a finitely generated faithful ideal J,G J. Then 
J=&,J(Jo,j). But by Anderson [2, Theorem 1.31, J principal implies 
that J= (Jo, j, ) + . . . + (J,,, j,) for some j, , . . . . j, E J, so J is finitely 
generated. It now follows from Theorem 3.9 that J is a cancellation ideal or 
equivalently that J is locally principal. 
Hence we get the companion result to Theorem 3.2. 
THEOREM 3.11. For a commutative ring R the following statements are 
equivalent. 
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(1) Y&(R) is an r-lattice. 
(2) .9&(R) is principally generated. 
(3) Every (finitely generated) semiregular ideal of R is a sum of 
finitely generated cancellation ideals. 
Example 3.4 also gives an example of a ring R for which 9&(R) is not an 
r-lattice. 
Let (r be the set of compact elements of Y(R). We have shown that 
6 n LQR) (respectively, 6 n T&(R)) is the set of compact elements of 
Tr(R) (respectively, Z&(R)). As we shall see, the situation for Zf(R) is 
much different. 
We will call a ring R a strong Marot ring if every semiregular ideal is 
generated by regular elements or equivalently if R satisfies both Property 
(P) and Property (A). Recall that R is a strong Priifer ring if every finitely 
generated semiregular ideal is locally principal. Thus R is a strong Priifer 
ring if and only if every finitely generated faithful ideal of R is a can- 
cellation ideal. Clearly an arithmetical ring is strongly Priifer and a strong 
Priifer ring is a Priifer ring. A Priifer ring satisfying Property (A) is 
strongly Priifer. Hence any zero-dimensional ring is strongly Priifer. 
However, Example 2.1 shows that a Priifer ring need not be strongly 
Priifer. 
COROLLARY 3.12. If R is a strong Marot ring or is strongly Priifer, then 
YSr(R) is an r-lattice. 
Again one can ask the question of when there is an integral domain D 
with T&(R) isomorphic to 9(D) as multiplicative lattices. If R is semi- 
quasilocal, then any finitely generated cancellation ideal is a regular prin- 
cipal ideal so R must be a strong Marot ring. In analogy with Theorem 3.7 
we show that if R is strongly Prtifer (equivalently, Y&(R) is distributive), 
then there is a Priifer domain D with 9$‘,,(R) and 9’(D) isomorphic as 
multiplicative lattices. 
In analogy with Theorem 4 of Anderson and Pascual [S] characterizing 
Priifer rings, we have the following characterizations of strong Priifer rings. 
For facts about the ring R(X), the reader is referred to Anderson et al. [S]. 
THEOREM 3.13. For a commutative ring R the following statements are 
equivalent. 
(1) R is a strong Prtifer ring. 
(2) R(X) is a Priifer ring. 
(3) For J a semiregular ideal of R, R/J is arithmetical. 
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(4) For J a finitely generated semiregular ideal of R, R/J is 
arithmetical. 
(5) Z&(R) is distributive. 
(6) (A+B):C=(A:C)+(B:C)f or semiregular ideals A, B, and C of 
R with B and C finitely generated. 
(7) A : (B n C) = (A : B) + (A : C) for semiregular ideals A, B, and C of 
R with B and C finitely generated. 
(8) For semiregular ideals A E B of R with B finitely generated, there 
is a semiregular ideal C of R with A = BC. 
(9) IfAB= AC, where A, B, and C are semiregular ideals of R with A 
finitely generated, then B = C. 
( 10) Every finitely generated faithful ideal of R is a cancellation ideal. 
( 11) Every finitely generated faithful ideal of R is projective. 
Proof (l)o (2): Anderson et al. [S, Theorem 3.21. (2) =z- (3): Let J 
be a semiregular ideal of R. Then JR(X) is a regular ideal of R(X). 
(If (jO, . . . . j,) z J is a finitely generated faithful ideal, then 
f=j,+j,X+ ... +j,x”EJR(X) is regular.) But since R(X) is Priifer, 
(R/J)(X) z R(X)/JR(X) is arithmetical (Anderson and Pascual [8, 
Theorem 23). But (R/J)(X) arithmetical implies that R/J is arithmetical 
(Anderson et al. [S, Theorem 3.11). (3) =z- (4): Clear. (4) = (5): Let A, B, 
and C be semiregular ideals of R. Then ABC is semiregular and hence 
contains a finitely generated semiregular ideal J. Then i?= R/J is 
arithmetical. Hence A n (B + C) = (A n B) + (2 n C). Then A n (B + C) = 
(A n B) + (A n C) since all ideals involved contain J. (5) =z- (3): Suppose 
that Z&(R) is distributive. Let J be semiregular and R = R/J. Let ‘?I, b, and 
6 be ideals of i?. Then 2I = A, 23 = B, and (5. = C, where A, B, C are ideals 
of R all containing J and hence are all semiregular. Then A n (B + C) = 
(A n B) + (A n C). Passing to R, we see that 2I n (‘23 + 6) = 
(9I n 8) + (rU n a), so R is arithmetical. (3) o (6) o (7): Since conditions 
(6) and (7) characterize arithmetical rings with the word “semiregular” 
deleted (Larsen and McCarthy [ 17, Exercise 18, p. 150]), a proof similar 
to (4)* (5) and (5)* (3) shows that (3), (6), and (7) are equivalent. 
(1) = (8): Since R is strongly Priifer, B is finitely generated and locally 
principal and hence weak meet principal in &(R). (8) =s. (1): Let B be a 
finitely generated semiregular ideal of R and let b E B. Then (b, B*) is 
semiregular, so there is an ideal C with (b, B2) = BC and CZ B. Passing to 
R = R/B* gives that (6) = BC. Hence B is a multiplication ideal in i?. Thus 
B is locally principal (Anderson [3]). Let M 2 B be a maximal ideal of R. 
Then B, is finitely generated and (B/B2)M is principal. An application of 
Nakayama’s Lemma yields that B, is principal. Hence every finitely 
generated semiregular ideal is locally principal, so R is strongly Priifer. 
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(1) * (9): Any finitely generated semiregular ideal of R is locally principal 
and hence a cancellation ideal. (9) * (1): Let A be a finitely generated 
semiregular ideal of R. By Theorem 3.9, A is locally principal. Hence 
R is strongly Priifer. (1) o (10) o (11): This follows from Anderson and 
Anderson [4, Theorem 11. 
THEOREM 3.14. For a commutative ring R the following statements are 
equivalent. 
(1) R is strongly Prtifer. 
(2) Y&(R) is distributive. 
(3) There is a Priifer domain D with Y(D) and L&(R) isomorphic as 
multiplicative lattices. 
Hence if &(R) is distributive, YS,( R) is an r-lattice. 
Proof: (1) o (2): Theorem 3.13. (3) * (2): If D is a Prufer domain, then 
Y(D) is distributive. Hence L&(R) is distributive. (Here we have not used 
the fact that the isomorphism preserves multiplication.) (1) * (3): Suppose 
that R is strongly Prufer. Then by Theorem 3.13, R(X) is a Prufer ring. By 
Theorem 3.7, there is a Prufer domain D (in fact a B&out domain) with 
Y(D) and gr(R(X)) isomorphic as multiplicative lattices. But by Anderson 
et al. [S, Theorem 3.31, if R is strongly Prufer, then 55&(R) and Tr(R(X)) 
are naturally isomorphic as multiplicative lattices. The result follows. 
The results characterizing the compact elements, principal elements, and 
distributivity of Yr(R) and L&(R) were very similar. The situation for 
Yf(R) is much different and much less satisfactory. The compact elements 
of L&(R) need not be finitely generated and L&(R) can be distributive 
without 5$(R) being an r-lattice. Also, Example 3.16 shows that zr( R) need 
not be compactly generated. 
EXAMPLE 3.15 (Bad behavior in TAR) and a faithful ideal that is not 
semiregular). Let (V, M) be a rank two valuation domain with maximal 
ideal M that is not principal. Let Q be the rank one prime ideal of I’ and 
let 0 # q E Q. Then R = V/(q) is a one-dimensional chained ring (i.e., Y(R) 
is totally ordered) that is a total quotient ring. ((t) 3 (q) implies q = tr, 
where r E I/- (q), so z = 0 in R but F # 0.) Since Z(R) = li;i, R has few zero 
divisors. Now i@ is faithful, for suppose tMs (q) with (t) + (q). Then 
q = rt so tMc (rt) implies ME (r), a contradiction since M is not principal. 
But if (q) 5 Z $ M, then there exists an i E M - Z, so ZG (i). But since i is 
not regular in R, lis not a faithful ideal of R. Hence L&(R) = (0, M, R}. M 
is faithful but not semiregular. Clearly YdR) is a distributive compactly 
generated multiplicative lattice. The element W is a compact element of 
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TAR), but is not a finitely generated ideal of R. Here li;l is meet principal, 
but is not weak join principal since li;l= I%?~. So TAR) is not an r-lattice 
even though Tf(R) is distributive. Clearly Yf(R) is not isomorphic to the 
lattice of ideals of an integral domain. 
EXAMPLE 3.16 (Yr( R) need not be compactly generated). Let K be a field 
and { Xn}FZ, a set of power series indeterminates over K and let D = 
K[[{X,},“=,]]=U,“=,K[[X, ,..., X,]]. Put P,=(X, ,..., X,,)D. D is a 
quasilocal domain with maximal ideal M= ( {Xn};= l)D = U,“=, P, and 
fiz= i M” = 0. Observe that an ideal I# D is finitely generated only if 
Issome P,. Let A=@,“=,D/P,, so Z(A)=U,“=,P,=M. Let 
R, = DO A be the idealization of D and A. Then R, is a quasilocal total 
quotient ring. If an ideal J of R, is contained in a proper finitely generated 
ideal of R,, then JG P, @ A for some n and hence J has nonzero 
annihilator. Conversely any ideal with nonzero annihilator is contained in 
some P,@ A. Thus R, has no finitely generated faithful ideals but each 
M” 0 A is a faithful ideal. Suppose that JE Y-(R,) is compact, J # 0, R,. 
Then J= CiaJ(J2, j) and each (J*, j) is faithful. Since J is compact, 
J= J2 + (j,, . . . . j,) for some j,, . . . . j, E J. Now (j,, . . . . j,) E P, @ A for some 
n, so passing to the ring D/P, = (DO A)/(P, 0 A) gives that J= j2 in 
D/P,,. But in D/P,,, nF=, li;i”=& so I=& Hence JsP,@A. But then J 
has nonzero annihilator. Thus 0 and R, are the only compact elements of 
gf(Ro). Hence TAR,) is not compactly generated. Also, since a principal 
element J always has the “compactness” property that J= V, J, implies 
J=J,, v ... v Jmn for some finite subset {JoI,, . . . . Jeti} E {JoL} (Anderson 
[2, Theorem 1.3]), 0 and R, are the only principal elements of 9dRo). 
4. THE LATTICE OF REGULARLY GENERATED IDEALS 
Let R be a commutative ring with identity and let Y&(R) = 
(0) u {JE~W) I J is regularly generated}. Then L&(R) is a subposet of 
9(R) with least element 0 and greatest element R. Also, since the sum of 
any collection of regularly generated ideals is again regularly generated, 
Y&(R) is closed under arbitrary joins where the join V, A, = C, A, is the 
same as the join of Y(R). Also L&(R) is closed under multiplication. 
However, as Example 4.2 shows, if A and B are generated by regular 
elements, A n B need not be generated by regular elements, so Yr:,(R) need 
not be a sublattice of L?(R). 
For any ideal A of R, let (A ) be the ideal of R generated by the regular 
elements of A. So A is regularly generated if and only if (A) = A. If 
A c Z(R), then (A) = (4) = 0. Clearly (A ) is the largest element B of 
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yr:,(R) with Bs A. Thus Z&(R) becomes a complete lattice where we 
define A, A,= (n, A,). In particular for A, BE S&(R), A A B= 
(AnB)=({rEAnBI r is regular}). Thus Z&(R) is a multiplicative lat- 
tice. To avoid confusion, we denote the residuation in 9&(R) by A $ B 
(=V{XEJZ&(R) 1 XB<A}). It is easily seen that A $ B= (A : B), where 
A : B is the usual residuation in R. Thus the residuation in S&(R) may 
differ from the residuation in .2’(R). 
Clearly an element A of Z&(R) is compact if and only if A = 0 or A has a 
finite basis of regular elements. Hence for a regular element r E R, (r) is 
compact, so 9&(R) is a compactly generated multiplicative lattice with 
greatest element compact. Also for r E R regular, (r) is weak principal. It is 
easily seen that (r) is both weak meet principal and weak join principal. In 
fact (r) is even meet principal. We need to show that for A, BE ,2&(R), 
A(r) A B= (A A (B t (r)))(r). The containment 2 always holds. Let 
x E A(r) A B be regular. Then x = ar E B, where a is necessarily regular. But 
then UEB~ (r), so SEA A (B$ (r)), and hence XE(A A (Bg (r)))(r). 
THEOREM 4.1. Let R he a commutative ring with identity. Then S&(R) is 
a compactly generated multiplicative lattice with greatest element compact in 
which every element is a join qf elements that are meet principal and weak 
join principal. 
5$:,(R) is an r-lattice if and only if 2&(R) is modular. In particular, ij 
S&(:,(R) is a suhlattice qf 9’(R), Z&(R) is an r-lattice. 
Proqf The first statement follows from the previous paragraphs. The 
second statement follows from the definition of an r-lattice and the fact that 
in a modular lattice an element is principal if and only if it is weak meet 
principal and weak join principal. The third statement follows from the fact 
that a sublattice of a modular lattice is modular. 
Before proceeding with our investigation of Z&(R) we give an example 
of a ring R for which 9&(R) is not a sublattice of Z(R). 
EXAMPLE 4.2 (The intersection of two regular principal ideals that is not 
generated by regular elements). Let D = K[X, Y] be the polynomial ring in 
two variables over the field K. Let A = @ {D/M 1 ME Max(D), Y$ M}. 
Let R, = D @ A be the idealization of D and A. This is Gilmer’s example 
(Gilmer [ 131) of a ring R, in which every (finitely generated) regularly 
generated ideal is invertible, but R, is not a Priifer ring. (In fact, R, is a 
discrete rank one Manis valuation ring.) The regular elements of R0 are 
{o:r”,a)Icl~K--(01, m&O, CZEA}. Let D,=K[X’,XY, Y2,X3,X2Y, 
XY2, Y’], the subring of D of polynomials with no linear term. Now in D, 
we have Y2D, n Y3D, = { Y5, p, XY4, XY’, X2 Y3, X2Y4, X3 Y3}D,. Let 
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R, = D, @A be the idealization of D, and A, so R, is a subring of R,. Note 
that the regular elements of R, are {(NY, a) 1 UEK- (O}, m=O or m32, 
UE A}. Now Y*R, = Y*D, 0 A and Y3R, = Y’D, @A are two regular prin- 
cipal ideals of R, . However, Y2R, n Y3R, = ( Y*D, n Y’D,) @ A can not be 
generated by regular elements. Hence 5$&R,) is not a sublattice of 9( R,) 
since Y*R, A Y3R, # Y*R, n Y3R,. It is interesting to note that (Y*, Y3)R, 
is generated by regular elements, but its inverse it not. 
Even though 3,&R,) is not a sublattice of 6p( R,), it is still a Noether 
lattice. In fact it is even distributive. Let Q,= YflR, and 
P,,=Y”R,+Y”+‘R,=Q,vQ,,+,, n32. So Qll=i/{Y’R, / i=n,n+2, 
n+3 ,... } and P,,=V{Y’R, I i>n}. Also P,,P,,=P,,+,,,, QnQm=Qn+m, 
and Q,,P,=P,r+m. {Q,, > is the set of proper principal elements of 9rg(R,). 
A portion of the lattice 9&( R,) follows. 
I 
Clearly every element has a unique minimal basis. Thus to show that 
L$(R,) is a distributive local Noether lattice, it s&ices to show that 
.&,( R, ) is modular (Anderson and Johnson [6, Theorem 121). However, 
this is easily checked. 
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In Gilmer’s example, the regular principal ideals are totally ordered, and 
the ring is integrally closed. A slight modification of the example yields a 
ring R in which the regular principal ideals are totally ordered, but R is not 
integrally closed. In this example every ideal generated by a finite set of 
regular elements is principal and hence invertible, but R is not integrally 
closed, so R is not a Priifer ring or even a valuation ring. This also gives an 
example of two rings with the same regular elements which are not equal. 
EXAMPLE 4.3. Let R. and R, be as in Example 4.2. Let D, = 
K[ Y, X2, XY, X3], the subring of K[X, Y] with no X terms, Note that 
K(X, Y) is the quotient field of D,, but D2 is not integrally closed since 
X2 ED,, but X# D,. Let R2 = D, 0 A be the idealization of D2 and A so R, 
is a subring of R,, R, $ R2 7 R,, and all three have the same total 
quotient ring. The regular elements of R, are the same as those of R,, 
namely {(cxYm, a) 1 ae K- {0}, m>O, SEA}. Now XER,-R, and 
X2 E R2, so R, is not integrally closed. However, the regular principal 
ideals of R, are (YR,},“=, and hence are totally ordered. Thus every 
regularly generated ideal of R, is principal. 
For a ring R, every finitely generated regular ideal is invertible (i.e., R is 
a Priifer ring) if and only if Yr(R) is distributive. Thus it seems reasonable 
to conjecture that every finitely generated regularly generated ideal of R is 
invertible if and only if T&(R) is distributive. Our next example shows that 
this is not the case. 
EXAMPLE 4.4 (A ring R in which 9,&R) is distributive, but every finitely 
generated regularly generated ideal is not invertible). Let K be a field and 
R = K[X, , . . . . X,] be the polynomial ring in n variables X1, . . . . X, over K. 
Let S= {uX;I...X~ 1 UEK- {0}, each si > 0 >. Let Y be the set of maximal 
idealsofRwithMnS=125andletA=O..,R/P.SoZ(A)=U,,,P.If 
p is a prime element of R with p $ S, then p E Z(A). (Observe that R is a 
Hilbert ring and hence (p) is the intersection of the maximal ideals con- 
taining it.) Let R, = R@ A be the idealization of R and A. Then every 
regular element of R, has the form Is, where 1 is a unit of R, and s E S, so 
{sR, 1 s E S} is the set of regular principal ideals of R,. Thus the set of 
regularly generated ideals of R, is just the set of ideals of the form J@ A, 
where J is an ideal of R generated by sums of products of the ideals 
(X,), . . . . (X,). Now by a result of Bogart [9], the poset of ideals of R 
generated by the ideals (X,), . . . . (X,) under joins and products is the 
n-dimensional regular local distributive Noether lattice which he calls RL,. 
It easily follows that Y&(R,) and RL, are isomorphic as multiplicative 
lattices and hence that 9&(R,) is a distributive local Noether lattice. Yet 
for n > 2, the finitely generated regularly generated ideal (X,, X,)R, = 
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(Xi, X,) 0 A is not invertible. Note that in this case &,(R,) is a sublattice 
of 6p(&). 
A natural question is whether every finitely generated regularly generated 
ideal is invertible (e.g., R is Priifer) implies that y’,,(R) is distributive. If 
Y&(R) is a sublattice of Z(R) the answer is affirmative. For then Y&(,,(R) is 
modular and hence an r-lattice. But then each compact element A E Yrg(R) 
is principal (see the proof of ( 1) + (2) of Theorem 4.9) so by Anderson [2, 
Theorem 3.41 Z&(R) is distributive. 
For Z&(R) to have nice properties and to be able to apply the techni- 
ques from r-lattices, A&(R) should be modular. We have been unable to 
determine whether .9&(R) must be modular. 
Question 4.5. Is Z&(R) modular? 
If YJR) is modular, then each regular principal ideal is a principal 
element of Y&(R) and hence Y&(R) will be principally generated (and even 
an r-lattice). Even if it turns out that Y&,(R) need not be modular, we can 
still ask the following questions. 
Question 4.6. Is a regular principal ideal of R a principal element of 
Z,(R)? 
Quesrion 4.7. Is di”,,( R) principally generated? 
For a regular principal ideal (6) of R, (b) is meet principal and weak join 
principal in Z&.(R). Hence (b) is a principal element of Y&(R) if and only if 
(6) is join principal. We remark that (b) being (join) principal in 9&(R) is 
equivalent to (6) being a “modular element” in the sense stated in the next 
result. 
LEMMA 4.8. Let 9 be a multiplicative lattice (not necessarily modular). 
Let HE Y be weak meet principal and weak join principal. Then H is join 
principal if and only if H is a “modular element” of 9, i.e., for all L, K E 9 
with H>K, HA (Kv L)=Kv (HAL). 
Proof. (*) Let K d H. Since H is weak meet principal, K = BH 
for some BEY. Now HA (BHv L)=BHv (HAL). Then 
H((BHvL):H)=H/\(BHvL)=BHv(Hr\L)=BHv(L:H)H= 
H(B v (L:H)), so (BH v L):H=(BH.v L):H v (O:H)= B v (L:H) v 
(0: H) = B v (L: H). Hence H is join principal. (a) Just reverse the 
implications. 
For R a Prtifer ring we have been unable to determine if Z&(R) is a 
sublattice of Y(R) or even if 3&(R) is modular (let alone distributive). We 
end with the following partial result. 
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THEOREM 4.9. Let R be a Priifer ring. Then the following conditions are 
equivalent. 
(1) Y&(R) is a sublattice of Z(R). 
(2) Zr.&R) is an r-lattice and for each maximal element A4 of Tr,(R), 
.5&(R), is totally ordered. 
(3) A E .Yr:,(R) compact implies that A is a principal element of 
Z,(R). 
(4) AE Y&(R) compact implies that A is a weak meet principal 
element of Y&(R). 
(5) For A a finitely generated regularly generated ideal of R, A ~ ’ is 
generated by regular elements. 
(6) For regular elements x and y of R, (x) n (y) is regularly 
generated. 
(1) For I and Jfinitely generated regularly generated ideals of R, In J 
is regularly generated. 
(8) There is a Prufer domain D so that 5?&(R) and .Y(D) are 
isomorphic as multiplicative lattices. 
Proof: Clearly (1) o (7). (2) * (3): Anderson [2, Theorem 3.43. 
(3) * (4): Clear. (4) * (5): Let a E A be regular. Then since A is weak meet 
principal in Y&(R), (a) = BA, where B is a regularly generated ideal of R. 
But then Ba- ’ = A ~ ’ is generated by regular elements. (5) * (6): Since 
(x, y)- ’ = (l/xy)((x) n ( y)), (x) n ( y) is generated by regular elements. 
(6)* (7): Let I= (x,, . . . . x,) and J= (y,, . . . . ym), where each xi and y, is 
regular. Since R is a Prtifer ring, In J is an invertible ideal of R. Since 
locally I is equal to some (xi) and J is equal to some ( yi), we see that 
locally In J= C(xi) n ( y,) and hence they are equal. Since each (x,) n ( yi) 
is regularly generated, so is In J. (1) =z= (2): Since Y&(R) is a sublattice of 
T(R), Y&(R) is modular and hence Z&(R) is an r-lattice. (In fact, since 
Y&(R) is a sublattice of pr(R), Z&(R) is distributive.) Let 0 # A E Z&(R) 
be compact so A = (a,, . . . . a,,), where a,, . . . . a, are regular. Then A -’ = 
(a,‘)n ... n(a;‘)=(l/a,...a,)((b,)n ... n(b,)), where bi=a,...a,/ai. 
Since Y&(R) is a sublattice of g(R), A- ’ is regularly generated. But 
then for B E A regularly generated, BA - ’ is regularly generated. Since A 
is invertible, B= (BA-‘)A so A is weak meet principal in T&(R). Since 
A is compact, A is even principal in Y&(R) (Anderson [2, Theorem 2.91). 
Since every compact element of p&(R) is principal, by Anderson [2, 
Theorem 3.41, 6p,,(R)M is totally ordered for each maximal element M of 
Z&(R). (2)o (8): Anderson [2, Theorem 3.41. 
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